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SUMMARY 
A procedure has  been developed f o r  determining optimum takeof f  and 
climbout t r a j e c t o r i e s  f o r  j e t  a i r c r a f t  t h a t  minimize t h e  no i se  produced during 
o v e r f l i g h t  of communities l oca t ed  along t h e  ground t r ack  of  t h e  climbout pa th .  
The procedure enables  one t o  compute optimum takeof f  t r a j e c t o r i e s  f o r  no i se  
abatement f o r  a p a r t i c u l a r  a i r c ra f t  ope ra t ing  from a p a r t i c u l a r  a i r p o r t  
s u b j e c t  t o  p re sc r ibed  ope ra t iona l  c o n s t r a i n t s .  
An important p a r t  of t h e  procedure c o n s i s t s  i n  de f in ing  appropr i a t e  
c r i t e r i a  f o r  n o i s i n e s s  of a t r a j e c t o r y .  Two c r i t e r i a  a r e  proposed and a r e  
used as a b a s i s  f o r  c a l c u l a t i n g  noise  optimum t r a j e c t o r i e s .  Other c r i t e r i a  
could be  used i n s t e a d .  The f i r s t  of t hese  i s  simply t h e  perce ived  no i se  
l e v e l  ( i n  PNdB) measured a f t e r  a power reduct ion  a t  t h e  beginning of  t h e  
no i se - sens i t i ve  a r e a .  The second was taken as t h e  perceived no i se  l e v e l ,  
averaged along t h e  n o i s e - s e n s i t i v e  ground t r a c k  of a climbout t r a j e c t o r y .  
Calcu la t ing  t r a j e c t o r i e s  t h a t  minimize t h e  chosen c r i t e r i o n  f o r  no i s ines s  i s  
i n t e r p r e t e d  as an optimum con t ro l  problem whose s t a t e  v a r i a b l e s  a r e  a i r speed  
and a l t i t u d e  and whose con t ro l  v a r i a b l e s  a r e  t h r u s t ,  f l i g h t - p a t h  angle ,  and 
f l a p  d e f l e c t i o n .  So lu t ions  of t h i s  optimum con t ro l  problem were obta ined  by 
implementing t h e  dynamic programming algori thm on a d i g i t a l  computer. 
The procedure was appl ied  t o  t h e  c a l c u l a t i o n  o f  optimum t r a j e c t o r i e s  f o r  
a t y p i c a l ,  c u r r e n t l y  i n - s e r v i c e  j e t  t r a n s p o r t .  Although the  optimum t r a j e c ­
t o r i e s  f o r  t h i s  type  of a i r c r a f t  were found t o  depend upon t h e  choice of  
no ise  c r i t e r i o n  used i n  c a l c u l a t i n g  them as  wel l  as on many o t h e r  f a c t o r s ,  
such as the  no i se  c h a r a c t e r i s t i c s  of t h e  j e t  engines and t h e  length of seg­
ments of ground t r a c k ,  some genera l ly  v a l i d  p r o p e r t i e s  could be d iscerned .  
The optimum t r a j e c t o r i e s  ca l cu la t ed  have a pe r iod  of a c c e l e r a t i o n  t o  a c e r t a i n  
climb speed as soon as p o s s i b l e  a f t e r  t a k e o f f .  Climb a t  t h e  climb speed i s  
followed by maximum t h r u s t  reduct ion  when t h e  n o i s e - s e n s i t i v e  a r e a  o r  a 
s p e c i f i e d  a l t i t u d e  i s  reached.  I n  t h e  case of  t h e  f i r s t  c r i t e r i o n ,  t h e  climb 
speed depends e s p e c i a l l y  on t h e  d i s t ance  from brake  r e l e a s e  t o  t h e  noise-
s e n s i t i v e  a rea ;  i t  s t e a d i l y  decreases  as t h i s  d i s t a n c e  decreases .  For d i s ­
tances  of four  miles  o r  g r e a t e r  t h e  climb speed permi ts  f u l l  r e t r a c t i o n  of  
f l a p s ,  whereas f o r  s h o r t e r  d i s t a n c e s ,  i n  t h e  case of turbofan-powered a i r c r a f t ,  
t h e  climb speed may be  i n s u f f i c i e n t  t o  permit  f u l l  f l a p  r e t r a c t i o n .  For t h e  
second c r i t e r i o n ,  t h e  climb speed depends l e s s  on t h i s  d i s t a n c e  and gene ra l ly  
f a l l s  above t h e  minimum speed f o r  f l a p  r e t r a c t i o n .  Acce lera t ion  r a t h e r  than a 
s t e e p  climb fol lowing l i f t - o f f  may r e s u l t  i n  a lower a l t i t u d e  over  t h e  noise-
s e n s i t i v e  a rea .  The optimum t r a j e c t o r i e s  t r a d e  t h i s  lower a l t i t u d e  f o r  t h e  
I 
s t e e p e r  climb angles  and t h e  g r e a t e r  t h r u s t  r educ t ion  obta ined  i n  t h e  c lean  
a i r p l a n e  conf igu ra t ion  such t h a t  t h e  chosen n o i s e  c r i t e r i o n  i s  minimized. 
INTRODUCTION 
Noise produced dur ing  t akeof f  and climbout ope ra t ion  o f  commercial j e t  
a i rc raf t  o f t e n  causes s e r i o u s  problems i n  communities l oca t ed  nea r  major a i r  
t e rmina l s .  I n  t h i s  r e p o r t ,  w e  cons ider  t h e  problem of  s e l e c t i n g  takeoff  and 
climbout t r a j e c t o r i e s  t h a t  minimize t h i s  n o i s e .  
Previous work aimed a t  e s t a b l i s h i n g  improved t akeof f  and climbout 
t r a j e c t o r i e s  f o r  no i se  abatement has u t i l i z e d  n o i s e  d a t a  obtained from f l i g h t  
t e s t s  of d i f f e r e n t  climbout t r a j e c t o r i e s  ( r e f s .  1 and 2 ) .  An important r e s u l t  
der ived from analyz ing  such experimental  no i se  d a t a  w a s  t h e  demonstration of  
t h e  value of  power r educ t ion  f o r  no ise  abatement. But s i n c e  only r e l a t i v e l y  
few t r a j e c t o r i e s  were flown i n  f l i g h t  t e s t s ,  i t  i s  no t  known i f  t h e  var ious  
t r a d e o f f s  t h a t  e x i s t  between the  t h r e e  main f a c t o r s  a f f e c t i n g  perceived 
no i se  - namely, t h r u s t ,  a l t i t u d e ,  and a i r speed  - were optimized f o r  b e s t  no i se  
abatement. Moreover, even i f  one were t o  succeed i n  e s t a b l i s h i n g  t h e  l e a s t  
noisy climbout t r a j e c t o r y  by exhaust ive f l i g h t  t e s t i n g  of a p a r t i c u l a r  air­
c r a f t ,  he would s t i l l  not  know t h e  e f f e c t s  of changes i n  engine type ,  a i r c r a f t  
type ,  o r  o t h e r  parameters on t h e  optimum t r a j e c t o r y .  These e f f e c t s  would have 
t o  be determined by f u r t h e r  f l i g h t  t e s t s .  
To a l l e v i a t e  t h i s  problem, an a n a l y t i c a l  approach f o r  determining t h e  
optimum climbout t r a j e c t o r y  f o r  no i se  abatement i s  proposed i n  t h i s  r e p o r t .  
The main advantage of t h i s  approach i s  t h a t  i t  al lows one t o  determine quick ly  
and inexpensively t h e  e f f e c t s  of  changes i n  engine n o i s e  c h a r a c t e r i s t i c s ,  
a i r f rame,  l oca t ion  of t h e  no i se - sens i t i ve  a r e a ,  and ope ra t iona l  c o n s t r a i n t s  on 
the  optimum t r a j e c t o r y .  Furthermore, t he  c a l c u l a t e d  t r a j e c t o r i e s  a r e  optimum 
i n  the  sense  t h a t  they minimize s p e c i f i c  c r i t e r i a  of no i s ines s  t o  be d iscussed  
l a t e r .  
I t  i s  not  suggested t h a t  f l i g h t  t e s t i n g  can be completely e l imina ted  by 
a n a l y s i s ,  b u t  r a t h e r  than it can be g r e a t l y  reduced by us ing  the  a n a l y t i c a l l y  
der ived p r o p e r t i e s  of t h e  optimum t r a j e c t o r i e s  as a guide .  A poss ib l e  source 
of e r r o r  i n  t h e  a n a l y t i c a l l y  ca l cu la t ed  t r a j e c t o r i e s  i s  t h e i r  dependence on 
mathematical models f o r  j e t  no i se  genera t ion ,  some of which a r e  not ye t  wel l  
e s t ab l i shed  f o r  c e r t a i n  engine types ,  notably tu rbofans .  However, i f  such 
models a r e  not  a v a i l a b l e ,  measured noise  d a t a  may a l s o  be  used d i r e c t l y  i n  
t h e  c a l c u l a t i o n .  
2 

ANALYSIS 

Descr ip t ion  of t h e  Takeoff and Climbout T ra j ec to ry  Problem 
For the  purposes of  t h i s  s tudy ,  t h e  ground t r a c k  o f  t h e  t akeof f  and 
climbout path of  an a i rc raf t  c o n s i s t s  of  two major s e c t i o n s .  The f irst  sec­
t i o n ,  which is  assumed t o  have low s e n s i t i v i t y  t o  n o i s e  b u t  could have a 
l i m i t a t i o n  on s i d e - l i n e  no i se ,  begins  a t  brake  release and ends a t  t h e  begin­
ning of t h e  n o i s e - s e n s i t i v e  a r e a .  Since t h e  length  of t h e  s e c t i o n  depends on 
condi t ions a t  a p a r t i c u l a r  a i r p o r t ,  it w i l l  b e  t r e a t e d  as a parameter i n  t h i s  
s tudy .  Typical values  f o r  i t s  length  a r e  t h r e e  t o  f i v e  mi l e s .  The second 
s e c t i o n  of ground t r ack  t r a v e r s e s  t h e  n o i s e - s e n s i t i v e  a r e a  and i s  t y p i c a l l y  
four  t o  e i g h t  miles long. A complete t akeof f  and climbout t r a j e c t o r y  showing 
t h e  loca t ion  of t h e  two s e c t i o n s  along t h e  ground t r a c k  i s  i l l u s t r a t e d  i n  
f i g u r e  1. 
Figure  1.- Typica l  t a k e o f f  and climbout t r a j e c t o r y  
The e n t i r e  ground t r a c k  i s  taken t o  be  a s t r a i g h t  l i n e  p a r a l l e l  t o  t h e  
runway. This assumption i s  j u s t i f i e d  whenever t h e  n o i s e - s e n s i t i v e  a r e a  cannot 
be  avoided by e a r l y  tu rn ing  maneuvers e i t h e r  because of unfavorable  t e r r a i n  o r  
because t h e  a i r p o r t  i s  c lose ly  surrounded by populated a reas  a l l  s e n s i t i v e  t o  
nois  e .  
In  s imples t  terms, t h e  o b j e c t i v e  of t h i s  s tudy  i s  t o  determine t h e  f l i g h t  
pa th ,  s u b j e c t  t o  t h e  ope ra t ing  l i m i t s  o f  t h e  a i r c r a f t ,  l e a s t  annoying t o  
people l i v i n g  i n  t h e  n o i s e - s e n s i t i v e  a r e a .  I n  determining t h i s  optimum f l i g h t  
pa th ,  one must t a k e  i n t o  cons idera t ion  t h e  e a r l i e r  s t a t e d  assumption t h a t  t h e  
ground t r ack  i s  composed of  two adjacent  s e c t i o n s ,  one s e n s i t i v e  t o  no i se ,  t h e  
o the r  i n s e n s i t i v e .  The impl i ca t ion  i s  t h a t  t h e  f l i g h t  pa th  cannot be o p t i ­
mized independently f o r  each s e c t i o n  s i n c e  t h e  f l i g h t  path over  t h e  f i rs t  
segment s t rong ly  a f f e c t s  t h e  no i se  over  t h e  second through t h e  a l t i t u d e ,  
a i r speed ,  and power s e t t i n g  a t  t he  beginning of t h e  second s e c t i o n .  
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Mathematical Cri ter ia  f o r  Nois iness  of  a Tra j ec to ry  
The e s s e n t i a l  component o f  any mathematical  approach t o  a t r a j e c t o r y  
opt imiza t ion  i s  known as t h e  performance func t ion ,  s i n c e  it acts as t h e  
c r i t e r i o n  t h a t  u l t i m a t e l y  determines t h e  optimum t r a j e c t o r i e s .  Two p e r f o r ­
mance func t ions  f o r  which optimum t r a j e c t o r i e s  are c a l c u l a t e d  i n  l a t e r  
s e c t i o n s  a r e  descr ibed  he re .  
The f i rs t ,  and a l s o  t h e  s impler  o f  t h e  two, i s  t h e  perceived n o i s e  l e v e l ,  
i n  u n i t s  of PNdB, measured a t  t h e  boundary of t h e  n o i s e - s e n s i t i v e  a r e a  
(poin t  B i n  f i g .  1 as well as i n  l a t e r  f i g u r e s )  af ter  power has been reduced 
t o  j u s t  s u s t a i n  l e v e l  f l i g h t  a t  cons tan t  a i r speed .  A summary of important 
f a c t s  concerning c a l c u l a t i o n  of perceived n o i s e  l e v e l  i s  given i n  appendix A .  
To minimize t h i s  performance func t ion ,  only t h e  f l i g h t  pa th  i n  t h e  f irst  
s e c t i o n  needs t o  be cons idered .  
Though t h i s  performance func t ion  has t h e  advantage o f  s i m p l i c i t y ,  it 
a l s o  has some s e r i o u s  drawbacks t h a t  l ead  one t o  cons ider  a more comprehensive 
c r i t e r i o n  f o r  n o i s i n e s s  of  a t r a j e c t o r y .  If p o i n t  B i n  f i g u r e  1 were t h e  only 
n o i s e - s e n s i t i v e  po in t  a long t h e  ground t r a c k ,  minimizing t h e  perceived n o i s e  
l e v e l  a t  t h a t  p o i n t ,  as i s  done by us ing  t h e  performance func t ion  given above, 
would probably be adequate .  However, minimizing t h e  perceived n o i s e  l e v e l  a t  
only one p o i n t ,  which i s  loca ted  a t  t h e  beginning of t h e  n o i s e - s e n s i t i v e  area, 
e f f e c t i v e l y  d i sc r imina te s  aga ins t  o t h e r  p o i n t s  o f  equal  importance.  Fur ther ­
more, t h i s  performance func t ion  does not  cons ider  t h e  e f f e c t  of du ra t ion  on 
perceived no i se .  
The second performance func t ion  def ined  below a t tempts  t o  c o r r e c t  t h e  
d i f f i c u l t i e s  with measuring t h e  n o i s e  a t  only a s i n g l e  po in t  by averaging t h e  
no i se  l e v e l  a long t h e  n o i s e - s e n s i t i v e  second s e c t i o n  and by inc luding  a 
pena l ty  on du ra t ion  o f  t h e  n o i s e .  An approximate, but  s u f f i c i e n t l y  accu ra t e ,  
method f o r  computing t h e  average n o i s e  is t o  d i v i d e  t h e  n o i s e - s e n s i t i v e  ground 
t r ack  i n t o  a number o f  s h o r t  segments, t o  compute t h e  maximum f lyove r  n o i s e  
f o r  each segment, and then t o  average t h e s e  va lues .  Except f o r  t h e  f a c t o r  
JAt i lAt ref  , which models du ra t ion  e f f e c t s  and is d iscussed  i n  g r e a t e r  d e t a i l  
i n  appendix A ,  perceived n o i s e  averaged over t h e  length  of  t h e  second s e c t i o n  
i s  t h e  c o r r e c t  i n t e r p r e t a t i o n  of t h e  second performance func t ion  def ined  
below: 
I .  I 
J = 10 lcg2  1N(Fi, h i ,  Vi) /% 
where 
J value of  t h e  second performance func t ion  
L number of  s h o r t  s e c t  i ons  
N 2 (2-40) /10 
Z perceived no i se  l e v e l ,  PNdB 
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F i  t o t a l  t h r u s t  used t o  compute no i se  i n  t h e  i t h  s e c t i o n  
h i  a1t itude 
V i  a i r speed  
A t r e f  r e fe rence  time f o r  dura t ion  of  n o i s e  perce ived  i n  each s h o r t  s e c t i o n  
Ax length o f  each s h o r t  s e c t i o n ,  750 f t  
The q u a n t i t y  N de f ined  above, whose u n i t  i s  t h e  noy, was o r i g i n a l l y  used by 
psychologis t s  i n  t h e  development of  a scale of n o i s i n e s s .  This q u a n t i t y  i s  
more s u i t a b l e  than Z i n  equat ion (1) because,  i n  forming t h e  summation of  
no i se  rece ived  i n  each s h o r t  segment, i t  pena l i zes  high no i se  l e v e l s  more 
than t h e  loga r i thmica l ly  dependent Z does .  For b r e v i t y ,  t h e  q u a n t i t y  J 
w i l l  b e  r e f e r r e d  t o  as average perceived n o i s e .  
The i n t e n t  of t h i s  c r i t e r i o n  i s  t o  f irst  e s t ima te  t h e  no i se  t o  which 
s i n g l e  observers  s t a t i o n e d  i n  each s h o r t  segment of  t h e  n o i s e - s e n s i t i v e  ground 
t r ack  a r e  sub jec t ed  and then  t o  average t h e  no i se  over  a l l  obse rve r s .  
Minimizing t h i s  average tends t o  minimize t h e  number of complaints t h a t  would 
be received from a l l  such observers .  
Method f o r  Computing Perceived Noise 
The performance func t ions  d iscussed  i n  t h e  previous s e c t i o n  r e q u i r e  
c a l c u l a t i o n  of perce ived  no i se  l e v e l  as a func t ion  of t h r u s t ,  a l t i t u d e ,  and 
a i r speed .  For t u r b o j e t  n o i s e ,  t h e  SAE n o i s e  p r e d i c t i o n  method, descr ibed  i n  
re ferences  3 ,  4 ,  and 5 and summarized i n  appendix A ,  can be used t o  perform 
these  c a l c u l a t i o n s .  This method i s  reasonably accura te  f o r  p r e d i c t i n g  t h e  
maximum f lyove r  n o i s e  f o r  t u r b o j e t  engines with s tandard  exhaust nozz les .  
For tuna te ly ,  high accuracy i n  p r e d i c t i n g  no i se  l e v e l s  is  not  needed i n  t h i s  
s tudy ,  s i n c e ,  i n  minimizing t h e  two performance func t ions  f o r  n o i s i n e s s ,  t h e  
absolu te  value of t h e  func t ion  t o  be minimized i s  i r r e l e v a n t .  The r e l e v a n t  
items i n  t h e  minimization a r e  t h e  t r a d e o f f s  among t h r u s t ,  a l t i t u d e ,  a i r speed ,  
and dura t ion .  Hence, a model f o r  j e t  no i se  t h a t  p reserves  t h e s e  t r a d e o f f s ,  
as t he  SAE model does,  i s  s u f f i c i e n t .  
For t r a j e c t o r y  c a l c u l a t i o n s  involv ing  turbofan  no i se ,  however, t h e  
cu r ren t ly  a v a i l a b l e  SAE n o i s e  p r e d i c t i o n  method, even with ref inements  i n t r o ­
duced s p e c i f i c a l l y  t o  model fan-generated no i se ,  i s  inadequate .  Comparison 
with measured f a n - j e t  n o i s e  d a t a  has  shown cons iderable  e r r o r  both i n  t h e  
absolu te  value of t h e  c a l c u l a t e d  no i se  as we l l  as i n  t h e  accuracy of t h e  
t r a d e o f f s  between a l t i t u d e  and t h r u s t .  A s  po in ted  out  above, i t  i s  t h e  l a t t e r  
type of  e r r o r  t h a t  p r o h i b i t s  t h e  use of t h i s  method f o r  optimum t r a j e c t o r y  
c a l c u l a t i o n s .  I n s t e a d ,  some no i se  d a t a  as a func t ion  of t h r u s t  and a l t i t u d e  
f o r  a c u r r e n t l y  used turbofan  engine were used. These d a t a  are reproduced 
i n  f i g u r e  2 .  The i r  main disadvantage i s  t h e  unspec i f i ed  e f f e c t  of changes i n  
a i r speed  on perce ived  n o i s e .  
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Figure 2 . - Perceived noise as a function of thrust and altitude for a typical turbofan currently 
in service. 
Since t h e  optimum t r a j e c t o r i e s  a r e  inf luenced  mainly by t h e  t r a d e o f f s  i n  
t h e  noise  measure between a l t i t u d e ,  t h r u s t  reduct ion ,  a i r speed ,  and dura t ion ,  
it i s  i n s t r u c t i v e  t o  t a b u l a t e  t h e  range of change i n  perceived no i se  caused 
by doubling each of  t h e s e  q u a n t i t i e s .  This i s  done i n  t a b l e  I f o r  t u r b o j e t  
and turbofan generated no i se .  P a r t i c u l a r l y  noteworthy i s  t h e  f a c t  t h a t  
s e n s i t i v i t y  of t h e  no i se  t o  t h r u s t  changes i n  considerably h ighe r  f o r  turbo­
j e t s  than f o r  t u rbo fans .  This d i f f e rence  i n  n o i s e  c h a r a c t e r i s t i c s  of t h e  two 
engine types has important e f f e c t s  on the  optimum climbout t r a j e c t o r i e s ,  as we 
TABLE 1 . - EFFECTS OF NOISE FACTORS 
Changes i n  perce ived  no i se  caused 
by doubling t h e  no i se  f a c t o r s ,  PNdBI Turbojet  Turbofan 
9 t o  15 4 t o  9 
A 1  t itude -9 -9 
Airspeed - 2  to -8 Unknown 
Dura t  ion 2 t o  6 2 t o  6 
I 1 =. 
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s h a l l  demonstrate when d i scuss ing  t h e  r e s u l t s .  Although t h e  e f f e c t  of a i r ­
speed on turbofan  generated no i se  i s  unknown, some nega t ive  change wi th  
a i r speed  is  expected. 
S impl i f i ed  Equations of  Motion 
To eva lua te  e i t h e r  of t h e  two no i se  measures descr ibed  e a r l i e r ,  one must 
be ab le  t o  genera te  h i s t o r i e s  of  a l t i t u d e  and a i r speed  along t h e  ground t r a c k  
f o r  a s p e c i f i c  climbout procedure.  I n  t h i s  s tudy ,  i t  i s  convenient t o  desc r ibe  
a climbout procedure i n  terms of  t h r u s t ,  f l i g h t - p a t h  angle ,  and f l a p  d e f l e c t i o n  
angle as a func t ion  of  t h e  d i s t ance  along t h e  ground t r a c k .  These t h r e e  quan­
t i t i e s  are t h e  only c o n t r o l  v a r i a b l e s  t h a t  need t o  be considered,  s i n c e  t h e  
ground t r a c k  of  t h e  climbout i s  assumed t o  b e  a s t r a i g h t  l i n e .  La te ra l  con­
t r o l  maneuvers a r e  t h e r e f o r e  excluded. The equat ions  of motion a r e  then  
given as 
dV_ -
WV cos y (F COS a - 5
1 pSV2C~(a,6)- W s i n  y)dx 
dh-= t a n  y ( 3 )dx 
where 
CD (a,6 )  drag c o e f f i c i e n t  
F t o t a l  t h r u s t  
g g r a v i t a t i o n a l  cons tan t  
h a l t i t u d e  
S wing r e fe rence  a r e a  
V a i r speed  
w gross  weight 
X d i s t ance  along ground t r ack  
c1 angle  of a t t a c k  
Y f l i g h t - p a t h  angle  
6 f l a p  angle  
P a i r  d e n s i t y ,  s l u g s / f t 3  
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The equat ions are i n  s t anda rd  form except t h a t  x i s  t h e  independent v a r i a b l e  
r a t h e r  than  t i m e ,  as is  usua l ly  t h e  case .  The angle  of  a t t a c k  a ,  which i s  
needed t o  s o l v e  equat ion (Z) ,  i s  c a l c u l a t e d  by s o l v i n g  t h e  fol lowing equat ion  
f o r  a :  
where CL i s  t h e  l i f t  c o e f f i c i e n t .  Equation (4)  assumes t h a t  t h e  d i s t a n c e  
along t h e  ground t rack  needed t o  make a s t e p  change i n  t h e  f l i g h t - p a t h  angle  
i s  small compared t o  t h e  t o t a l  length of t h e  ground t r a c k .  This equat ion can 
be  so lved  f o r  a by approximating s i n  ct with  ct and C L  with a l i n e a r  func­
t i o n  i n  ct and 6 .  Equations ( Z ) ,  ( 3 ) ,  and (4)  allow one t o  genera te  climbout 
t r a j e c t o r i e s  i f  t h e  i n i t i a l  a l t i t u d e  and a i r s p e e d  i s  s p e c i f i e d  and i f  t h e  
con t ro l  v a r i a b l e s  F ,  y ,  and 6 a r e  ass igned s p e c i f i c  func t ions  of  x. How­
eve r ,  t h e s e  equat ions were used only f o r  gene ra t ing  t h a t  p a r t  of t h e  t r a j e c ­
t o r y  beginning a t  a p o i n t  where t h e  a i r c r a f t  has  reached an a l t i t u d e  of  
400 f e e t  and t h e  t akeof f  s a f e t y  speed V2 (po in t  A i n  f i g .  1 ) .  The loca t ion  
of  t h i s  p o i n t  can be  c a l c u l a t e d  f o r  a p a r t i c u l a r  a i rc raf t  by us ing  t h e  
procedure descr ibed  i n  i t s  f l i g h t  manual. 
Method of  Computing Optimum T r a j e c t o r i e s  
The foundat ion has  now been l a i d  f o r  t h e  c a l c u l a t i o n  of  takeoff  and 
climbout t r a j e c t o r i e s  t h a t  minimize e i t h e r  of t h e  two performance func t ions  
def ined  e a r l i e r .  Moreover, t h e  problem has been formulated i n  such a manner 
t h a t  techniques from optimum con t ro l  theory can be  brought  t o  b e a r  upon i t ,  
In  con t ro l  theory  terminology, F ,  y ,  and 6 a r e  t h e  c o n t r o l s  used t o  genera te  
takeoff  and climbout t r a j e c t o r i e s .  For any i n i t i a l  a l t i t u d e  and a i r speed ,  a 
s p e c i f i c a t i o n  of F ,  y, and 6 as a func t ion  of x r e s u l t s  i n  genera t ing  a 
p a r t i c u l a r  t akeof f  and climbout t r a j e c t o r y .  For every t akeof f  and climbout 
t r a j e c t o r y  generated,  we can compute t h e  va lue  o f  t h e  chosen performance 
func t ion .  The ob jec t ive  of t h e  computational procedure then  i s  t o  s e l e c t  from 
t h e  i n f i n i t e  s e t  o f  a l lowable con t ro l s  those  t h a t  minimize t h e  chosen 
performance func t ion .  
I n  t h i s  s tudy ,  t h e  dynamic programming a lgor i thm,  implemented on a 
d i g i t a l  computer, was used t o  c a l c u l a t e  t h e  optimum c o n t r o l s ,  t h r u s t ,  f l i g h t -
path angle ,  and f l a p  angle  ( r e f .  6 ) .  Dynamic programming, although not  as 
e f f i c i e n t  computat ional ly  as o t h e r  methods , has some important advantages i n  
t h i s  a p p l i c a t i o n .  These advantages a r i s e  mainly from t h e  s i m p l i c i t y  with 
which i n e q u a l i t y  c o n s t r a i n t s  on t h e  s t a t e  v a r i a b l e s  ( a i r speed  and a l t i t u d e )  
and on the  con t ro l s  can be  included i n  t h e  computation of  optimum t r a j e c t o r i e s .  
Phys ica l ,  as wel l  as s a f e t y ,  cons idera t ions  r e s t r i c t  t h e  s t a t e  v a r i a b l e s ,  
a l t i t u d e  and a i r speed ,  t o  l i e  w i th in  s p e c i f i e d  bounds. Also, t h e  con t ro l s  
have p resc r ibed  lower and upper bounds t h a t  a r i s e  i n  t h e  case of t h r u s t  and 
f l a p  angle  because of phys i ca l  l i m i t a t i o n  and, i n  t h e  case  of f l i g h t - p a t h  
angle ,  because of  ope ra t iona l  r e s t r i c t i o n .  A b r i e f  d i scuss ion  of t h e  dynamic 
programming algori thm can be  found i n  appendix B .  
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RESULTS 
General P r o p e r t i e s  of t h e  Optimum T r a j e c t o r i e s  
Optimum t r a j e c t o r i e s  computed f o r  t h e  two performance func t ions  
introduced ea r l i e r  have been found t o  depend s t r o n g l y  on t h e  engine type  -
whether t u r b o j e t  o r  tu rbofan  - t h e  length  of  t h e  f i rs t  s e c t i o n  ground t r a c k ,  
ope ra t iona l  c o n s t r a i n t s ,  and, i n  t h e  case  of t h e  second performance func t ion ,  
on t h e  length  of t h e  second s e c t i o n  ground t r a c k .  Although inf luenced  by 
many v a r i a b l e s ,  an optimum t r a j e c t o r y  f o r  t h e  second performance func t ion ,  
represented  he re  as a h i s t o r y  i n  a l t i t u d e - a i r s p e e d  coord ina tes ,  t y p i c a l l y  
has t h e  form shown i n  f i g u r e  3 .  The c o n s t r a i n t s  used i n  t h i s  c a l c u l a t i o n  are 
l i s t e d  i n  t h e  f i g u r e .  The near optimum t r a j e c t o r y ,  which i s  a l s o  shown, w i l l  
Constraints be discussed subsequent ly .  For t h e  
14,000 5 F 5 56,000 Ib purposes of  t h i s  s tudy ,  t h e  optimum
I500 - 00 5 y 5 20" 
End of noise - sensitive area t r a j e c t o r y  i s  assumed t o  begin a t  
po in t  A, where t h e  a i r c r a f t  has 
achieved t h e  t akeof f  s a f e t y  speed V 2  
r - 1000 -
B __ Opttmum and an a l t i t u d e  of  400 f e e t ,  s i n c e  
a,U _ - _ _  Simplified before  t h i s  a i r speed  and a l t i t u d e  i s  
+­
+- I optimum achieved no unusual maneuvers a r e  
a 5 0 0 ­ permi t ted .  Thus, s t a r t i n g  a t  p o i n t  A ,
'Begin flap retraction t h e  a i r c r a f t  a c c e l e r a t e s  i n  l e v e l  
0 '- I I I f l i g h t  u n t i l  a c e r t a i n  climb speed, 
200 Vz 300 400 which i s  usua l ly  c l o s e  t o  t h e  minimum 
Airspeed, f t /sec drag- speed, has been a t t a i n e d .  During-
Figure 3 . - Optimum and simplified optimum t h i s  a c c e l e r a t i o n  pe r iod ,  f l a p s  a r e  
trajectory for the second performance r e t r a c t e d  as soon as t h e  minimum speedfunction. 
f o r  f l a p  r e t r a c t i o n  i s  achieved.  The 
a i rc raf t  then  e n t e r s  an e s s e n t i a l l y  cons tan t  a i r speed  climb u n t i l  j u s t  before  
t h e  n o i s e - s e n s i t i v e  area i s  reached,  where t h e  climb s teepens  t o  become a 
d e c e l e r a t i o n  climb. This  i s  followed by a l a r g e  power reduct ion  as t h e  no i se -
s e n s i t i v e  a r e a  i s  p e n e t r a t e d .  The remainder of t h e  t r a j e c t o r y ,  although 
depending somewhat on t h e  l eng th  of t h e  second s e c t i o n  of t h e  ground t r a c k ,  
c o n s i s t s  here  of a s l i g h t l y  d e c e l e r a t i n g  climb a t  t h e  minimum pe rmis s ib l e  
power s e t t i n g .  
Between p o i n t s  A and B,  a t y p i c a l  optimum t r a j e c t o r y  f o r  t h e  f i rs t  
performance func t ion  has t h e  same general  shape as t h e  t r a j e c t o r y  j u s t  
descr ibed ,  and, t h e r e f o r e ,  r e q u i r e s  no a d d i t i o n a l  d i scuss ion .  
S i m p l i f i c a t i o n  of  t h e  Optimum T r a j e c t o r i e s  
In  a s ses s ing  t h e  p r a c t i c a l  va lue  o f  optimum t r a j e c t o r i e s ,  one must 
cons ider  t h e  d i f f i c u l t y  a p i l o t  would experience i n  f l y i n g  along them and t h e  
number of  parameters r equ i r ed  t o  d e s c r i b e  them. Examined i n  t h i s  l i g h t ,  t h e  
optimum t r a j e c t o r y  shown i n  f i g u r e  3 is  probably t o o  complicated f o r  opera­
t i o n s  with cu r ren t  instrument  d i s p l a y s .  Although a f l i g h t  d i r e c t o r  system 
might permit  t he  optimum t r a j e c t o r i e s  t o  be flown without  d i f f i c u l t y ,  another  
approach i s  t o  cons ider  s i m p l i f i e d  t r a j e c t o r i e s .  
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We observe t h a t  t h e  optimum t r a j e c t o r y  between p o i n t s  A and B c o n s i s t s  
e s s e n t i a l l y  of  a pe r iod  of a c c e l e r a t i o n  followed by a pe r iod  of s t e e p  climb. 
Therefore ,  a l o g i c a l  choice  f o r  a s i m p l i f i e d  optimum t r a j e c t o r y  would be one 
t h a t  accelerates a t  l e v e l  f l i g h t  t o  a c e r t a i n  a i r speed ,  t hen  climbs a t  con­
s t a n t  a i r speed ,  and f i n a l l y  e n t e r s  a reduced power f l i g h t  nea r  t h e  beginning 
of t h e  n o i s e - s e n s i t i v e  area. Such a s impl i f i ed  optimum t r a j e c t o r y  i s  i n d i ­
ca ted  i n  figure 3 by t h e  broken l i n e .  In  effect ,  t h i s  s i m p l i f i e d  t r a j e c t o r y  
needs t o  be optimized only over  two v a r i a b l e s ,  namely, t h e  climb speed and 
t h e  amount of t h r u s t  reduct ion .  This  s i m p l i f i e s  t h e  computations of t h e  t r a ­
j e c t o r y  and produces a t r a j e c t o r y  t h a t  i s  easy  t o  f l y  a long.  
However, t h e  d e c i s i v e  t e s t  of a c c e p t a b i l i t y  of  t h e  s i m p l i f i e d  optimum 
t r a j e c t o r y  i s  given by t h e  pena l ty  measured i n  terms of  t h e  n o i s e  generated 
by it i n  comparison t o  t h e  minimum no i se .  In  a l l  ca ses  examined, t h e  n o i s e  
generated by t h e  s i m p l i f i e d  t r a j e c t o r i e s  exceeds t h a t  o f  t h e  optimum t r a j e c ­
t o r i e s  by n e g l i g i b l e  amounts. Hence, only s i m p l i f i e d  optimum t r a j e c t o r i e s  
a r e  presented  i n  t h e  fo l lowing  s e c t i o n  and a r e  r e f e r r e d  t o  as "optimum 
t r a j e c t o r i e s  . 
Minimizing Perceived Noise Level a t  Beginning of 
Noise-Sensi t ive Area 
Examples of optimum t r a j e c t o r i e s  f o r  t h i s  performance func t ion  were 
computed f o r  a t y p i c a l ,  c u r r e n t l y  i n - s e r v i c e  j e t  t r a n s p o r t  powered by e i t h e r  a 
turbofan o r  t u r b o j e t ,  a t  a gross  weight of 280,000 pounds. In  t h i s  s e c t i o n  
only,  t h e  perce ived  no i se  l e v e l  ( i n  PNdB) a t  f i x e d  t h r u s t  and a l t i t u d e  was 
assumed t o  be independent of a i r speed  f o r  both engine types .  The absence of 
dependence of t h e  n o i s e  on a i r speed  r e p r e s e n t s  a l i m i t i n g  case  and would occur  
when t h e  j e t  exhaust  v e l o c i t y  i s  very  l a r g e  compared t o  pe rmis s ib l e  a i r speed  
changes. Also, maximum takeoff  t h r u s t  was assumed t o  be t h e  same f o r  both t h e  
turbofan and t h e  t u r b o j e t .  These two assumptions make it p o s s i b l e  t o  a t t r i ­
bute  d i f f e rences  between optimum t r a j e c t o r i e s  of tu rbofan- and t u r b o j e t -
powered a i r c r a f t  s o l e l y  t o  d i f f e r e n c e s  i n  t h e  dependence of t h e  n o i s e  on 
t h r u s t .  In  determining t h e  t u r b o j e t  no i se  as a func t ion  of  t h r u s t ,  i t  was 
assumed t h a t  doubl ing t h e  t h r u s t  causes  an i n c r e a s e  of 15 PNdB i n  the  n o i s e .  
This dependence o f  n o i s e  on t h r u s t  fo l lows  from t h e  SAE p r e d i c t i o n  procedure 
f o r  t u r b o j e t  no i se  ( r e f s .  4 and 5 ) .  The e f f e c t  of a l t i t u d e  on n o i s e  was 
ca l cu la t ed  f o r  s tandard  atmospheric cond i t ions  and no wind us ing  t h e  SAE 
procedure.  Turbofan no i se  as a func t ion  of t h r u s t  and a l t i t u d e  was obtained 
d i r e c t l y  from f i g u r e  2 .  
In t h e  f i r s t  s e c t i o n  o f  t h e  ground t rack ,  c o n s t r a i n t s  on t h e  t r a j e c t o r y  
were t h e  same as those  l i s t e d  i n  f i g u r e  3 .  J u s t  be fo re  t h e  ground t r ack  of  
t h e  a i rcraf t  p e n e t r a t e s  p o i n t  B ,  t h r u s t  i s  reduced t o  permit  t h e  a i r c r a f t  t o  
f l y  l e v e l  and unacce lera ted  a t  t h e  speed of p e n e t r a t i o n .  The optimum t r a j e c ­
t o r i e s  a r e  c a l c u l a t e d  t o  minimize the  no i se  a f t e r  t h e  t h r u s t  r educ t ion  has 
taken e f f e c t .  The only v a r i a b l e  i n  t h i s  minimization i s  t h e  climb speed.  
Before t h e  r e s u l t s  a r e  presented ,  it must be  emphasized t h a t  t h e  optimum 
t r a j e c t o r i e s  and t h e  n o i s e  reduct ions  p red ic t ed  f o r  them depend s t rong ly  on 
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t h e  engine no i se  c h a r a c t e r i s t i c s .  These n o i s e  c h a r a c t e r i s t i c s  can vary widely 
f o r  d i f f e r e n t  engine models, p a r t i c u l a r l y  i f  they  are turbofans .  Hence, it i s  
gene ra l ly  necessary t o  r e c a l c u l a t e  t h e  optimum t r a j e c t o r i e s  and t h e  cor re­
sponding no i se  r educ t ion  f o r  p a r t i c u l a r  engine,  a i rcraf t ,  and a i r p o r t  
cond i t ions .  
The a l t i t u d e - d i s t a n c e  h i s t o r i e s  
f o r  two optimum t r a j e c t o r i e s  and one 
u r e  4 f o r  a f i r s t - s e c t i o n  length  of  
t o r i e s  are no t  shown be fo re  p o i n t  A, 
Thrust after point B , Ib 
__ 25,500 
_ _  19,300-.- l 8 , l O O  
I 
0 

Note Typical , currently 
h s t r a i n t s  
F 5 56,000 Ib 
0"5 y 5 20" 
0 0 5  a 5 80 
A 
I I 
5000 10,000 
and t h e  t h r u s t  schedules  a f te r  p o i n t  B 
nonoptimum t r a j e c t o r y  are shown i n  f i g ­
19,000 f e e t .  A s  i n  f i g u r e  3 ,  t h e  t r a j e c ­
loca ted  f o r  t h i s  example 11,000 f e e t  
Steep climbout (ref 2 and 7 ); 
280 ft/sec. 25" flaps 
/ 
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in-service jet transport, GTOW = 280,000 Ib ; T 0 thrust 14.000 Iblengine, turbofan or turbojet 

Figure 4.- Trajectories pertaining to first performance function 

from brake  r e l e a s e ,  s i n c e  t h e  a i rc raf t  r e q u i r e s  t h i s  d i s t a n c e  t o  achieve V2 
and the  minimum maneuvering a l t i t u d e  of 400 f e e t .  We no te  t h a t  t h e  optimum 
climbout speed f o r  t h e  t u r b o j e t  i s  10 f t / s e c  h ighe r  than  f o r  t h e  turbofan and 
t h a t  both t r a j e c t o r i e s  r e q u i r e  completely r e t r a c t e d  f l a p s .  The minimum speed 
f o r  f u l l  r e t r a c t i o n  of f l a p s  w a s  chosen as 305 f t / s e c .  For  comparison, a 
s t e e p  climbout t r a j e c t o r y  t h a t  has  prev ious ly  been considered f o r  no i se  aba te­
ment purposes i s  a l s o  shown i n  f i g u r e  4 ( r e f s .  2 and 7 ) .  Although t h i s  tra­
j e c t o r y  achieves t h e  h i g h e s t  a l t i t u d e  a t  t h e  beginning of t h e  n o i s e - s e n s i t i v e  
area, it a l s o  r equ i r e s  t h e  h i g h e s t  t h r u s t  from p o i n t  B onward. The h ighe r  
t h r u s t  needed t o  maintain l e v e l  unacce lera ted  f l i g h t  i s  due t o  t h e  h ighe r  drag 
a s soc ia t ed  with t h e  25O t akeof f  f l a p  conf igu ra t ion .  This  h ighe r  drag  a l s o  
r e s u l t s  i n  smaller climb angles  compared t o  those  of  t h e  optimum t r a j e c t o r i e s .  
I n  computing t h e  optimum t r a j e c t o r i e s ,  t h e  t r adeof f  between t h r u s t  reduct ion ,  
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a i r speed  ga in ,  and i n c r e a s e  i n  climb angle  on t h e  one hand and a l t i t u d e  ga in  
on t h e  o t h e r  has been optimized t o  achieve t h e  g r e a t e s t  n o i s e  r educ t ion  a t  
p o i n t  B.  This  t r a d e o f f  a l s o  he lps  t o  e x p l a i n  t h e  h ighe r  climb speed o f  t h e  
t u r b o j e t  compared t o  t h a t  o f  t h e  tu rbofan .  According t o  t a b l e  I ,  t u r b o j e t  
n o i s e  can be more t h r u s t - s e n s i t i v e  than  turbofan  n o i s e .  This  sugges ts  t h a t  
t h r u s t  r educ t ion  is  more effective f o r  t u r b o j e t s  than  f o r  t u rbo fans .  Greater 
t h r u s t  r educ t ion  a t  p o i n t  B i s  achieved by a c c e l e r a t i n g  e a r l y  t o  a h ighe r  
a i r speed  where a more favorable  l i f t - t o - d r a g  r a t i o  i s  found. 
Airspeed, ft/sec Flap angle, deg 
3 3 0  -	 280  - 292 - 25 292 - 305 - 15 
305 and larger - 0  
2 8 0. /  I I I I I I I I I I 
16,000 18,000 20,000 22,000 24,000 26,000 
Distance from broke release to noise-sensitive area, f t  
Note Typical, currently in-servlce jet transport; GTOW = 280,000 Ib, V,= 280 ft/sec 
Figure 5.- Optimum climb speed as a function of distance to noise-sensitive area; first 

performance function. 

The optimum t r a j e c t o r i e s  can produce a lower perce ived  n o i s e  l e v e l  from 
po in t  B onward than t h e  s t e e p  climbout t r a j e c t o r y .  The d i f f e r e n c e s  i n  n o i s e  
between t h e  s t e e p  climbout and t h e  optimum t r a j e c t o r i e s  a r e  t abu la t ed  i n  
t a b l e  I1 as a func t ion  of  t h e  length  o f  t h e  f i r s t - s e c t i o n  ground t r a c k .  These 
d i f f e r e n c e s  a r e  seen t o  be higher  f o r  t h e  t u r b o j e t  because o f  t h e  g r e a t e r  
e f f e c t  of t h r u s t  reduct ion  on perceived n o i s e  f o r  t h i s  engine type .  I t  i s  
understood, however, t h a t  f o r  engines  of t h e  same t h r u s t  c l a s s ,  t h e  n o i s e  from 
t u r b o j e t s  i s  gene ra l ly  h igher  than from turbofans .  
1 2  
TABLE 11.- DIFFERENCE 
CLIMBOUT AND 
D ist ance t o  
n o i s e - s e n s i t  ive  
area, f t  
16,000 
17,000 
18,000 
19 ,000 
21,000 
26 ,000 
I N  NOISE (PNdB) BETWEEN STEEP 
OPTIMUM TRAJECTORIES 
Turboje ts  Turbofans 
3.0 0 
3 . 4  . 5  
5 .0  .8 
5 .5  1 . 2  
6 .0  1 .5  
7.6 2.5 
NOTE: F i r s t  performance func t ion ,  t y p i c a l  
c u r r e n t l y  i n - s e r v i c e  j e t  t r a n s p o r t ,  
GTOW = 280,000 l b ,  14,000 lb/engine 
t akeof f  t h r u s t .  
Minimizing t h e  Average Noise Over t h e  Noise-Sens i t ive  Area 
I n  t h i s  s e c t i o n  , w e  p re sen t  t r a j e c t o r i e s  t h a t  minimize t h e  second 
performance func t ion  def ined  by equat ion (1 ) .  The n o i s e  model used i n  t h i s  
s e c t i o n  and t h e  next  was extended t o  inc lude  t h e  e f f e c t  o f  a i r speed  on pe r ­
ceived no i se .  Although i t  i s  recognized t h a t  t h i s  e f f e c t  can vary wi th  
engine parameters ,  f o r  a t y p i c a l  t u r b o j e t  t he  SAE n o i s e  p r e d i c t i o n  procedure 
p r e d i c t s  a decrease of 7 PNdB f o r  a change i n  a i r speed  from 200 t o  400 f t / sec .  
This f i g u r e  was used i n  both t u r b o j e t  and turbofan  no i se  c a l c u l a t i o n s .  For  
both engine types ,  t h e  r e l a t i o n s h i p s  between no i se ,  t h r u s t ,  and a l t i t u d e  a t  a 
p a r t i c u l a r  a i r speed  were the  same 
t h e  f i r s t  s e c t i o n  ground t r a c k  was 
second s e c t i o n  as 26,000 f e e t ,  o r  
t i o n ,  t h r u s t  w a s  cons t ra ined  t o  be  
l e v e l  unacce lera ted  f l i g h t  a t  t h e  
as i n  t h e  previous s e c t i o n .  The length of 
chosen as 21,000 f e e t  and t h a t  of t h e  
approximately 5 mi l e s .  I n  t h e  second sec ­
no t  l e s s  than  t h a t  needed t o  maintain 
a i r speed  a t  which t h e  second s e c t i o n  i s  
en tered .  Cons t r a in t s  on f l i g h t - p a t h  angle  and angle  o f  a t t a c k  were t h e  same 
as b e f o r e .  
Two v a r i a b l e s  e n t e r  i n t o  t h e  c a l c u l a t i o n  o f  optimum t r a j e c t o r i e s  - t h e  
speed t o  which t h e  a i rc raf t  i s  allowed t o  a c c e l e r a t e  be fo re  beginning i t s  
cons tan t  a i r speed  climb and t h e  t h r u s t  used along t h e  n o i s e - s e n s i t i v e  ground 
t r a c k .  An optimum t r a j e c t o r y  i s  determined by f i n d i n g  t h e  combination of 
t h e s e  two v a r i a b l e s  t h a t  minimizes equat ion ( 1 ) .  This  combination was found 
by an exhaust ive search  over  t h e  s e t  of  t hese  v a r i a b l e s .  I t  w a s  found t h a t  
t he  optimum t h r u s t  f o r  both t u r b o j e t  and turbofan  was always very c l o s e  t o  t h e  
sma l l e s t  allowed by t h e  c o n s t r a i n t .  I t  should be  po in ted  o u t ,  however, t h a t  
f o r  second s e c t i o n  lengths  longer  than  5 miles, t h e  optimum t h r u s t  a f t e r  power 
reduct ion  begins  t o  inc rease  above t h e  lower c o n s t r a i n t  va lue ,  r e s u l t i n g  i n  
t r a j e c t o r i e s  t h a t  a r e  cha rac t e r i zed  by a gradual  climb over  t h e  no i se  s e n s i ­
t i v e  a rea .  Such second s e c t i o n  lengths  are no t  considered i n  t h i s  s tudy .  
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The r e s u l t i n g  optimum t r a j e c t o r i e s  f o r  t u r b o j e t - and turbofan-powered 
a i rcraf t  are shown i n  f i g u r e  6 .  The optimum climb speeds f o r  t h e s e  t r a j e c ­
t o r i e s  are seen  t o  b e  somewhat h ighe r  than  those  given i n  t h e  previous s e c t i o n  
f o r  t h e  f i rs t  performance func t ion .  These d i f f e r e n c e s  i n  t h e  optimum climb 
speeds are due t o  t h e  pena l ty  on du ra t ion  of  t h e  n o i s e  contained i n  t h e  p re s ­
e n t  performance func t ion  and t o  t h e  assumed dependence of perceived n o i s e  on 
a i r speed .  Dependence of t h e  optimum climb speed on t h e  length  of  t h e  f irst  
s e c t i o n  ground t r a c k  i s  s imi la r  t o  f i g u r e  5 .  But i n  t h i s  case, even f o r  a 
f irst  s e c t i o n  ground track l e s s  than  18,000 feet  long, t h e  optimum climb 
speeds f o r  e i t h e r  engine were found t o  be  l a r g e r  than  t h e  minimum speed f o r  
complete f l a p  r e t r a c t i o n .  
Figure 6 a l s o  g ives  t h e  d i f f e rences  i n  average perce ived  no i se  (eq.  (1) )  
between s t e e p  climbout and optimum t r a j e c t o r i e s :  5 dB f o r  t h e  turbofan  and 
8 dB f o r  t h e  t u r b o j e t .  The explana t ion  f o r  t h e  g r e a t e r  d i f f e r e n c e  i n  t h e  
case of t u r b o j e t  n o i s e  i s  t h e  same as i n  t h e  previous s e c t i o n .  
Steep climbout, 280  f t /sec , 25' flaps 
/ Optimum for turbofan, 335 f t l s e c ,  0" flops Noise reduction 5 dB------------
/-
Optimum for turbojet, 355  f t l s e c ,  0" flaps
1000 - Noise reduction 8 d B._._._._.-.-.-.-.-.-._._._ .­
r
Thrust after point E ,  Ib 
-25,500 
_-- 16,600 
-.- 15,500 
5 0 0  -
BI Beginning of noise-sensitive ore0 
0' 
10,000 
I 
15,000 
I + 1 
20,000 25,000 
I 
30,000 
I 
35.000 
Distance from broke release, f t  
Note GTOW = 280 ,000  Ib, T 0 thrust 14,000 Ib/engine, turbofan or turbojet 
Figure 6.- Trajectories pertaining to second performance function; no altitude constraint. 

Minimizing t h e  Average Noise Over t h e  Noise-Sensi t ive Area 
With Al t i t ude  Cons t r a in t  
I t  may be r equ i r ed  f o r  opera t iona l  o r  s a f e t y  reasons t h a t  t h e  a i r c r a f t  
should first achieve some minimum a l t i t u d e  above ground l e v e l  before  power i s  
reduced i n  a noise-abatement climbout.  In  t h i s  s e c t i o n ,  we p resen t  t ra jec­
t o r i e s  t h a t  meet t h i s  requirement,  t h a t  i s ,  they  minimize t h e  average n o i s e  
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l e v e l  given by t h e  second performance func t ion  while  s u b j e c t  t o  t h e  c o n s t r a i n t  
t h a t  f i n a l  power r educ t ion  not  t ake  p l a c e  u n t i l  an a l t i t u d e  of 1500 f e e t  i s  
a t t a i n e d .  However, some power reduct ion  i s  assumed t o  t a k e  p l a c e  a t  po in t  B 
i f  t h e  aircraft  i s  a t  a lower a l t i t u d e  i n  o rde r  no t  t o  v i o l a t e  an upper l i m i t  
on t h e  perceived n o i s e  assumed t o  e x i s t  a t  t h e  beginning of  t h e  noise-
s e n s i t i v e  area. Thrus t  a f t e r  t h i s  i n i t i a l  power r educ t ion  was taken  as 
40,000 pounds, which is assumed t o  s a t i s f y  t h e  maximum n o i s e  l i m i t a t i o n .  
Minimum t h r u s t  a f t e r  f i n a l  power r educ t ion  a t  1500 fee t  obeys t h e  c o n s t r a i n t  
descr ibed  i n  t h e  prev ious  s e c t i o n .  
According t o  f i g u r e  7 ,  t h e  s t e e p  climbout t r a j e c t o r y  i n  t akeof f  f l a p  
conf igu ra t ion  a t t a i n s  t h e  minimum a l t i t u d e  of 1500 feet  j u s t  as t h e  noise-
s e n s i t i v e  area i s  pene t r a t ed  and, t h e r e f o r e ,  immediately permi ts  maximum 
power r educ t ion  t o  t ake  p l a c e .  The optimum t r a j e c t o r i e s ,  however, f i rs t  
a c c e l e r a t e  t o  t h e  i n d i c a t e d  a i r speeds ,  t hen  climb at  f u l l  power as f a r  as t h e  
boundary of t h e  n o i s e - s e n s i t i v e  area and cont inue t o  climb a t  reduced power 
t o  1500 f e e t ,  where t h e  f i n a l  power r educ t ion  occurs .  The d i f f e r e n c e s  i n  
average perceived n o i s e  between s t e e p  climbout and optimum t r a j e c t o r i e s  a r e  
a l s o  given i n  f i g u r e  7:  4 dB f o r  t h e  turbofan and 7 dB f o r  t h e  t u r b o j e t .  
,Steep climbout. 2 8 0  f t /sec,  25" flops 
/ /
/<	Optimum for turbofan; 347  ft/sec, 0" flops 
Noise reduction 4 dB 
Optlmum for turbojet, 337 f t l sec .  0 " f l a p s  
Noise reduction 7 d 8  
Thrust ofter point B 
~ 25,500 lb 

_ _  40,000 Ib to 1 5 0 0 f t ,  then 16 ,000 Ib  
-.- 40,000 Ib to 1500 f t ,  then 16 ,600  Ib 
A 
B 
I 
I Beginning of noise -sensitive area 
01 I I f I I I 
10,000 15,000 20,000 25,000 30 ,000  35,000 
Distonce from brake release, f t  
Note: GTOW = 280,000 I b ,  T 0 thrust 14,000 Ib/engine, turbofan ar turbojet 
Figure 7 . - Trajec tor ies  per ta in ing  t o  second performance funct ion;  1500 f e e t  minimum a l t i t u d e  
cons t ra in t .  
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I t  i s  i n t e r e s t i n g  t o  no te  t h a t  t h e  optimum climb speed f o r  t h e  turbofan  
is  here  somewhat h ighe r  than  f o r  t h e  t u r b o j e t .  That r e v e r s e s  t h e  o r d e r  of t h e  
optimum climb speeds f o r  t h e  two engine types  obta ined  i n  t h e  prev ious  two.  
s e c t i o n s .  Since t h e  minimum a l t i t u d e  c o n s t r a i n t  i s  t h e  only  d i f f e r e n c e  
between c a l c u l a t i o n s  i n  t h i s  and t h e  prev ious  s e c t i o n ,  t h e  r e v e r s a l  must b e  
t h e  r e s u l t  o f  t h e  c o n s t r a i n t .  A more complete exp lana t ion  o f  t h i s  phenomenon 
has not  been found. 
CONCLUSIONS 
We have e s t a b l i s h e d  a r a t i o n a l  procedure f o r  determining t akeof f  and 
climbout t r a j e c t o r i e s  t h a t  minimize t h e  annoyance from j e t  t akeof f  opera t ions  
i n  communities l oca t ed  along t h e  ground t r a c k  of  t h e  climbout pa th .  What 
d i s t i n g u i s h e s  t h i s  procedure from o t h e r s  used i n  t h e  p a s t  is  t h e  mathematical 
formulat ion o f  t h e  problem and i t s  s o l u t i o n  by pu re ly  a n a l y t i c a l  techniques.  
The procedure enables  one t o  compute optimum t a k e o f f  and climbout t r a j e c t o r i e s  
f o r  a p a r t i c u l a r  aircraft  ope ra t ing  from a p a r t i c u l a r  a i r p o r t  s u b j e c t  t o  
p re sc r ibed  ope ra t iona l  c o n s t r a i n t s .  
Two mathematical ly  def ined  c r i t e r i a  were used as a b a s i s  f o r  a r r i v i n g  a t  
noise-optimum t r a j e c t o r i e s .  The f irst  of  t h e s e  was simply t h e  perceived n o i s e  
l e v e l  measured a f t e r  a power reduct ion  a t  t h e  beginning of  t h e  n o i s e - s e n s i t i v e  
area. The second was taken as t h e  perce ived  n o i s e  l e v e l  averaged along t h e  
n o i s e - s e n s i t i v e  ground t r a c k .  The l a t t e r  c r i t e r i o n  a l s o  inc ludes  t h e  e f f e c t  
of du ra t ion  on t h e  s u b j e c t i v e l y  perceived n o i s e .  
The technique was appl ied  t o  t h e  c a l c u l a t i o n  o f  optimum takeof f  and 
climbout t r a j e c t o r i e s  f o r  a t y p i c a l ,  c u r r e n t l y  in - se rv ice  j e t  t r a n s p o r t .  
Although t h e  optimum t r a j e c t o r i e s  f o r  t h i s  t ype  of a i r p l a n e  depend upon t h e  
choice o f  no i se  c r i t e r i o n  used i n  c a l c u l a t i n g  them, as w e l l  as on t h e  n o i s e  
c h a r a c t e r i s t i c s  of t h e  j e t  engines  and t h e  length  o f  segments of  ground t r a c k ,  
some gene ra l ly  v a l i d  p r o p e r t i e s  of t h e  t r a j e c t o r i e s  can be d iscerned .  The 
optimum t r a j e c t o r i e s  c a l c u l a t e d  have a pe r iod  o f  a c c e l e r a t i o n  t o  a c e r t a i n  
climb speed as soon as p o s s i b l e  a f t e r  t a k e o f f .  Climb a t  t h i s  climb speed i s  
followed by maximum t h r u s t  reduct ion  when t h e  n o i s e - s e n s i t i v e  area o r  a 
s p e c i f i e d  a l t i t u d e  i s  reached.  In  t h e  case  of  t h e  first c r i t e r i o n ,  t h e  climb 
speed depends e s p e c i a l l y  on t h e  d i s t a n c e  from brake r e l e a s e  t o  t h e  noise-
s e n s i t i v e  a rea ;  i t  s t e a d i l y  decreases  as t h i s  d i s t a n c e  dec reases .  For  d i s ­
t ances  of fou r  miles o r  g r e a t e r ,  t h e  climb speed permi ts  f u l l  r e t r a c t i o n  o f  
f l a p s ,  whereas f o r  s h o r t e r  d i s t a n c e s ,  i n  t h e  case  of  turbofan-powered a i r c r a f t ,  
t h e  climb speed may be i n s u f f i c i e n t  t o  permi t  f u l l  f l a p  r e t r a c t i o n .  For t h e  
second c r i t e r i o n ,  t h e  climb speed depends l e s s  on t h i s  d i s t a n c e  and gene ra l ly  
f a l l s  above the  minimum speed f o r  f l a p  r e t r a c t i o n .  Acce lera t ion  r a t h e r  than  
a s t e e p  climb fol lowing l i f t - o f f  may r e s u l t  i n  a lower a l t i t u d e  over  t h e  
16 

n o i s e - s e n s i t i v e  a rea .  The optimum t r a j e c t o r i e s  t r a d e  t h i s  lower a l t i t u d e  f o r  
t h e  s t e e p e r  angles  and t h e  g r e a t e r  t h r u s t  reduct ion  obtained i n  t h e  c lean  
a i rp l ane  conf igura t ion  s o  t h a t  t h e  chosen no i se  c r i t e r i o n  is  minimized. 
Ames Research Center  
Nat ional  Aeronautics and Space Adminis t ra t ion 
Moffet t  F i e l d ,  C a l i f . ,  94035, Dec. 13, 1968 
126-61-03-01-00-21 
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APPENDIX A 
SUMMARY OF PROCEDURE FOR CALCULATING PERCEIVED NOISE 
The need t o  compute j e t  n o i s e  perce ived  a long  t h e  ground t r a c k  from a 
p a r t i c u l a r  f l y o v e r  is fundamental t o  t h i s  s tudy .  The method employed here  f o r  
c a l c u l a t i n g  t h e  perceived n o i s e  l e v e l  was adapted from two SAE r e p o r t s  
( r e f s .  3 and 4), and t h e  d e t a i l s  of t h e  c a l c u l a t i o n s  can be found t h e r e .  
E s s e n t i a l l y ,  t h e  method used i n  t h i s  r e p o r t  p r e d i c t s  t h e  far  f i e l d  n o i s e  
( i n  PNdB) f o r  t u r b o j e t  engines  wi th  s tandard  c i r c u l a r  nozz le s .  However, wi th  
s u i t a b l e  modi f ica t ions  it a p p l i e s  a l s o  t o  o t h e r  engine conf igu ra t ions .  A 
b r i e f  d i scuss ion  o f  t h e  two main s t e p s  involved i n  t h e  n o i s e  computation i s  
now given.  
In  t h e  f irst  s t e p ,  t h e  a c o u s t i c  power contained i n  each of  t h e  e i g h t  
oc tave  bands t h a t  f a l l  w i th in  t h e  audio frequency range i s  computed. Refer­
ence 4 o f f e r s  two d i f f e r e n t  procedures  f o r  c a r r y i n g  out  t h i s  computation; t h e  
first uses  j e t  parameters and t h e  second i s  based on measured engine pe r fo r ­
mance c h a r a c t e r i s t i c s .  The second procedure i s  used he re  because of  i t s  
convenience f o r  t h e  purposes  of  t h i s  s tudy .  
The parameters t h a t  determine t h e  a c o u s t i c  power and t h e  s p e c t r a l  content  
of t h e  no i se  a r e  t h e  r e l a t i v e  j e t  v e l o c i t y  VR, t h e  j e t  v e l o c i t y  Vj, t h e  
d e n s i t y  of t h e  enhaust gases  P . ,  and t h e  c ros s - sec t iona l  a r e a  A of t h e  
nozzle  at  t h e  exhaust  p l ane .  T i e  las t  q u a n t i t y  can be measured d i r e c t l y  f o r  a 
given engine,  bu t  t h e  First t h r e e  must be r e l a t e d  t o  a i r speed ,  V ,  and engine 
t h r u s t ,  F, f o r  u se  i n  l a t e r  c a l c u l a t i o n s .  This  i s  done p a r t i a l l y  with t h e  
h e l p  o f  t h e  fo l lowing  t h r e e  elementary r e l a t i o n s  ( r e f .  4 )  : 
V j  = VR + V 
where Wa is  t h e  weight flow of exhaust gases  and g i s  t h e  g r a v i t a t i o n a l  
cons t an t .  If F, V, and A are s p e c i f i e d ,  t h e  t h r e e  equat ions  s t i l l  con ta in  
f o u r  unknowns; hence, an a d d i t i o n a l  r e l a t i o n s h i p  involv ing  t h e s e  v a r i a b l e s  i s  
needed t o  so lve  f o r  them. Such a r e l a t i o n s h i p  i s  provided by engine pe r fo r ­
mance curves t h a t  r e l a t e  n e t  t h r u s t ,  a i r speed ,  and weight f low.  These curves,  
which a l s o  conta in  o t h e r  u se fu l  information such as f u e l  flow and opera t ing  
l i m i t s ,  a r e  suppl ied  by t h e  manufacturer o f  a given engine.  
With t h e  r e l a t i o n s h i p  between t h r u s t ,  a i r speed ,  and weight flow der ived  
from these  curves,  one can so lve  f o r  VR, p j ,  and Vj and then  c a l c u l a t e  t h e  
sound p res su re  l e v e l  i n  t h e  e ight -oc tave  bands of t h e  audio frequency range 
us ing  t h e  procedure descr ibed  i n  r e fe rence  4 .  The e i g h t  numbers so obta ined  
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d e f i n e  t h e  a c o u s t i c  power spectrum of t h e  maximum passby n o i s e  f o r  a s i n g l e  
engine along a l i n e  200 f e e t  from t h e  f l i g h t  pa th  of  t h e  a i rcraf t .  These 
numbers are then  ad jus t ed  f o r  t h e  number of engines ,  f o u r  i n  t h i s  case ,  and 
f o r  t h e  a t t e n u a t i o n  due t o  a l t i t u d e  and atmospheric absorp t ion  ra tes .  Accord­
i n g  t o  r e fe rence  4, t h e  n o i s e  power spectrum obtained by t h i s  method i s  based 
on t h e  f o l  lowing s impl i fy ing  assumptions: 
1. The atmosphere is  sea l e v e l ,  s tandard  day (59' F ,  70 pe rcen t  r e l a t i v e  
humidi ty) ,  homogeneous , and windless .  
2.  The j e t  n o i s e  fol lows t h e  empi r i ca l ly  determined r e l a t i o n s h i p  g iven  
i n  r e fe rence  1. 
3 .  The maximum passby n o i s e  i s  generated at  45" t o  t h e  j e t  exhaust  a x i s .  
4. Aerodynamic n o i s e  is  n e g l i g i b l e .  
In  add i t ion ,  two o t h e r  assumptions of importance were found t o  be 
convenient .  F i r s t ,  because of t h e  d i r e c t i o n a l  c h a r a c t e r i s t i c s  of j e t  no i se ,  
t h e  angle  (measured between t h e  horizon and t h e  a i r c r a f t )  a t  which maximum 
passby no i se  i s  r ece ived  depends on t h e  a t t i t u d e  of t h e  a i r c r a f t .  For an 
a i r c r a f t  i n  a cl imbing a t t i t u d e ,  t h i s  angle  tends t o  be l a r g e r  than  f o r  l e v e l  
f l i g h t .  Therefore ,  an accu ra t e  c a l c u l a t i o n  of  j e t  n o i s e  would r e q u i r e  some 
knowledge of  t h e  d i r e c t i o n a l  c h a r a c t e r i s t i c s  of t h e  n o i s e .  I t  i s  f e l t ,  how­
ever ,  t h a t  f o r  t h e  purposes of t h i s  s tudy  such a refinement of  t h e  no i se  
c a l c u l a t i o n  is  not  necessary,  because t h e  optimum t r a j e c t o r i e s  a r e  a f f e c t e d  
much less by t h e  abso lu te  va lue  of t h e  no i se  l e v e l  than  they  a r e  by t h e  t r a d e -
o f f s  between t h e  main f a c t o r s  e n t e r i n g  i n t o  t h e  n o i s e  c a l c u l a t i o n ,  namely, 
a l t i t u d e ,  t h r u s t ,  and a i r speed .  Hence, a model f o r  j e t  n o i s e  t h a t  p re se rves  
t h e  e s s e n t i a l  c h a r a c t e r i s t i c s  of t h e  t r a d e o f f s  i s  s u f f i c i e n t  he re .  The second 
assumption c o n s i s t s  of ignor ing  pure- tone components t h a t  may be p re sen t  i n  
the  noise  spectrum. 
Now we can perform t h e  f i n a l  s t e p  i n  t h e  no i se  c a l c u l a t i o n  i n  which t h e  
e i g h t  numbers obta ined  from t h e  f irst  s t e p  a r e  converted i n t o  perce ived  n o i s e  
l e v e l .  For t h i s  purpose,  t a b l e s  a r e  a v a i l a b l e  i n  r e fe rence  3 which f i r s t  
weight t h e  values  o f  no i se  power contained i n  t h e  octave bands i n  p ropor t ion  
t o  t h e  amount of  annoyance they  produce i n  humans. The weighted values  of 
a c o u s t i c  power are then  combined by means of  a formula i n t o  a s i n g l e  number 
t h a t  i s  t h e  perce ived  no i se  l e v e l .  I t  i s  customary t o  g ive  t h e  perce ived  
no i se  l e v e l  of a sound i n  u n i t s  of PNdB, a logar i thmic  u n i t  def ined  i n  
r e fe rence  3 .  
One a d d i t i o n a l  f a c t o r  must be considered.  I t  i s  w e l l  known t h a t  t h e  
s u b j e c t i v e l y  judged n o i s i n e s s  o f  a sound depends no t  only on a c o u s t i c  power 
and s p e c t r a l  con ten t ,  b u t  a l s o  on du ra t ion  ( r e f .  8 ) .  The complete r e l a t i o n ­
s h i p  between d u r a t i o n  and perceived n o i s e  i s  too  complex t o  be  considered 
here ,  bu t  an approximation s u f f i c i e n t  f o r  t h e  purpose of t h i s  s tudy  i s  t o  
assume t h a t  doubl ing t h e  exposure t i m e  of a n o i s e  i n c r e a s e s  t h e  perceived 
n o i s e  l e v e l  between 2 and 6 PNdB ( r e f .  8 ) .  Since t h e  N terms i n  equa­
t i o n  (I) are a n t i l o g a r i t h m i c a l l y  r e l a t e d  t o  t h e  perce ived  n o i s e  l e v e l  i n  
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PNdB, an equiva len t  ope ra t ion  on them t o  account f o r  a.5-PNdB i n c r e a s e  p e r  
doubl ing of  d u r a t i o n  i s  t o  mul t ip ly  by JAti /Atref  , where Atref i s  a r e f e r ­
ence du ra t ion .  The choice of  5 PNdB i s  t h e r e f o r e  a l s o  convenient f o r  computa­
t i o n a l  reasons s i n c e  o t h e r  va lues  would r e q u i r e  r a i s i n g  Ati /Atref  t o  
f r a c t i o n a l  powers o t h e r  than t h e  square r o o t .  The r e fe rence  du ra t ion  i s  
a r b i t r a r y  i n  t h i s  case ,  s i n c e  i t  a f f e c t s  J, t h e  average n o i s e  va lue ,  only by 
a cons tan t  and thus  has  no in f luence  on t h e  de te rmina t ion  of t h e  t r a j e c t o r i e s .  
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APPENDlX B 
SUMMARY OF DYNAMlC PROGRAMMING 
Dynamic programming has  been widely used i n  t h e o r e t i c a l  and computational 
problems occurr ing  i n  optimum c o n t r o l  ( r e f .  6 ) .  The main f e a t u r e  o f  dynamic 
programming is  t h e  dynamic programming a lgor i thm used t o  compute optimum con­
t r o l  p o l i c i e s .  A b r i e f  d e s c r i p t i o n  o f  t h i s  a lgor i thm and i ts  a p p l i c a t i o n  t o  
t h e  n o i s e  minimization problem i s  given i n  t h i s  appendix. The d i scuss ion  
given here  a p p l i e s  s p e c i f i c a l l y  t o  t h e  second performance func t ion  (eq. (1 ) )  ,
b u t ,  with minor modi f ica t ion ,  it i s  a l s o  app l i cab le  t o  t h e  f irst  performance 
func t ion .  
A s l i g h t l y  modified form o f  equat ion  (1) i s  used as t h e  performance 
func t ion  i n  t h i s  d i scuss ion :  
Ii=1 
where 
This  modi f ica t ion  of  J does not  affect  t h e  optimum t r a j e c t o r i e s ,  bu t  i t  
y i e l d s  a func t ion  t h a t  i s  more convenient f o r  a n a l y s i s .  A s  explained i n  t h e  
t e x t ,  t h e  o b j e c t i v e  o f  t h e  computation i s  t o  f i n d  con t ro l  h i s t o r i e s  F ,  y, 
and 6 t h a t  minimize equat ion  (Bl ) .  For s i m p l i c i t y ,  t h e  length  of  ground 
t rack  f o r  which such optimum con t ro l  h i s t o r i e s  a r e  t o  be computed i s  assumed 
t o  begin a t  po in t  B and t o  te rmina te  a t  t h e  end of t h e  n o i s e - s e n s i t i v e  ground 
t r a c k .  The con t ro l  h i s t o r i e s  a r e  a func t ion  o f  t h e  a l t i t u d e  and t h e  a i r speed  
a t  p o i n t  B as w e l l  as t h e  d i s t a n c e ,  x, from po in t  B .  A t  a l l  p o i n t s  a long  t h e  
n o i s e - s e n s i t i v e  ground t r a c k ,  t h e  c o n t r o l s  and t h e  angle  of  a t t a c k  must obey 
t h e  fol lowing c o n s t r a i n t s  : 
amin a * amax 
The angle-of -a t tack  c o n s t r a i n t  i s  checked by means of equat ion  ( 4 ) .  
In  p repa ra t ion  f o r  t h e  computer implementation of  t h e  d i s c r e t e  form o f  
dynamic programming used he re ,  it is  necessary  t o  quan t i ze  t h e  s ta te ,  c o n t r o l ,  
and d i s t a n c e  v a r i a b l e s .  Quant iza t ion  of  t h e  d i s t a n c e  v a r i a b l e ,  x, i n t o  
2 1  
750-foot segments was a l r eady  descr ibed  i n  t h e  d i scuss ion  o f  equat ion  ( 1 ) .  
This  quan t i za t ion  o f  t h e  d i s t a n c e  v a r i a b l e  i s  now app l i ed  t o  equat ions  (2) 
and (3) i n  o rde r  t o  write them as d i f f e r e n t i a l  d i f f e r e n c e  equat ions :  
r- ‘1 
hi+l  = h i  + Ax t a n  y (B3) 
For any i, t h e  s t a t e  v a r i a b l e s  V i  and h i  are quant ized  i n t o  Lv and Lh 
l e v e l s  as shown: 
V = Vmin + AVjv j v E I O ,  1, 2 ,  . . ., Lvl 
AV = Vmax - Vmin 
LV 
hmax - hminAh = 
Typical va lues  used f o r  t h e  incremental  q u a n t i t i e s  are AV = 10 f t / s ec  and 

Ah = 130 f t .  Although a similar procedure can a l s o  be used t o  quan t i ze  t h e  

con t ro l  v a r i a b l e s ,  i t  i s  customary t o  d e f i n e  a se t  U o f  quant ized c o n t r o l s  as 

U = IF1, F2 ,  . . ., Fm; y l ,  y 2 ,  . . ., yn; d l ,  62,  . . ., 6 9 )  
Five quan t i za t ion  l e v e l s  f o r  F ,  n ine  f o r  y ,  and t h r e e  f o r  6 ,  were found t o  
g ive  s a t i s f a c t o r y  r e s u l t s .  
Next , t h e  important concept of  t h e  minimum performance func t ion  i s  
introduced.  This  func t ion  i s  def ined  as 
L 
min
I ( h i ,  V i ,  L - i )  = U 1N(hk, ‘k, Fk) 
I t  i s  i n t e r p r e t e d  as t h e  minimum value  o f  t h e  performance func t ion ,  J,  f o r  an 
a i rc raf t  t h a t  begins  t h e  t r a j e c t o r y  at  t h e  i t h  segment with a l t i t u d e  h i  
and a i r speed  V i .  The minimization over t h e  quant ized  con t ro l  s e t  U r e f e r s  
t o  t h e  s e l e c t i o n  f o r  every j ( i  j 5 L) of  a c o n t r o l  v e c t o r  (Fj ,  y j ,  d j )  
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from U such t h a t  t h e  minimum va lue  of J i s  obta ined .  This  s e l e c t i o n  
procedure impl ies  t h a t  f o r  any i, 3(L-i)  c o n t r o l  va lues  must be determined 
i n  o rde r  t o  s p e c i f y  I .  
The dynamic programming a lgor i thm,  which i s  simply a method f o r  computing 
I r e c u r s i v e l y ,  can now be  given: 
I ( h i ,  Vi, L - i )  = min [N(hi, V i ,  F i )  
Atref 
+ I ( h i + l ,  V i + l ,  L - i -
U 
TO compute I ( h i ,  V i ,  L)  and t h e  optimum c o n t r o l  h i s t o r y  wi th  t h i s  a lgor i thm,  
one sets i = L and d e f i n e s  I (hL+l ,  V L + l ,  -1) = 0 .  Then I(hL, VL,  0) i s  
found by searching  t h e  s e t  U f o r  t h e  c o n t r o l  v e c t o r  t h a t  y i e l d s  t h e  smallest 
N .  The search must be  repea ted  f o r  every quant ized  p a i r  of h and V ,  and t h e  
r e s u l t i n g  values  o f  I and t h e  optimum c o n t r o l  v e c t o r  must be s t o r e d  i n  t h e  
computer f o r  l a t e r  r e fe rence .  Next, I(hL-1, V L - ~ ,  1) i s  computed us ing  equa­
t i o n  (B3) and t h e  s t o r e d  va lues  of I (hL, VL,  0 ) .  For a given quant ized  p a i r  
of  hL-1 and V L - . l ,  equat ions  (B2)  and ( B 3 )  a r e  u t i l i z e d  t o  compute hL and V L .  
However, s ince  hL and VL w i l l  no t  gene ra l ly  f a l l  on t h e  quant ized va lues  of  
t h e s e  v a r i a b l e s ,  it i s  necessary  t o  i n t e r p o l a t e  t h e  va lue  of  I .  For  
s i m p l i c i t y  i n  programming, a l i n e a r  i n t e r p o l a t i o n  scheme was used and found t o  
be s a t i s f a c t o r y .  
Clear ly ,  t h i s  p rocess  o f  computing I and t h e  optimum c o n t r o l s  f o r  t h e  
las t  two segments can be  repea ted  f o r  t h e  remaining segments o f  ground t r a c k .  
The r e s u l t  of t h i s  computation i s  t h e  optimum c o n t r o l  l a w  t h a t  s p e c i f i e s  t h e  
optimum c o n t r o l  v e c t o r  as a func t ion  of t h e  segment number i and t h e  quan­
t i z e d  va lues  of  t h e  s ta tes .  This  c o n t r o l  l a w ,  which e x i s t s  a s  a s t o r e d  vec­
t o r  func t ion  i n  t h r e e  independent v a r i a b l e s ,  can now be  used t o  genera te  
optimum t r a j e c t o r i e s  s t a r t i n g  from s p e c i f i e d  i n i t i a l  va lues  of h and V .  
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